L7 — Polynomial / Spline Surfaces

« Ways to define and manipulate 3D surfaces, used by geometric
modeling systems to store surfaces such as faces in a B-Rep

« Contents
— Bi-linear Patch
— Ruled Patch
— Coons Patch
— Bicubic Patch
— Hermite Patch
— Coons Patch with tangents
— Bezier Patch
— B-Spline Patch



Types of Surface Equations

* Implicit: describe a surface by equations relating to the xyz-coords
— Advantages:
« Compact; Easy to check if a point belongs to the surface
— Disadvantages:

« Difficult for surface evaluation
« Difficult for partial surface definition (e.g., 1/4 of a sphere)

 Parametric: represent the xyz-coords as a function of two parameter

— Advantages:
« Easy for surface evaluation
« Convenient for partial surface definition
« Many others such as easy for manipulation



Implicit Surface Representations
=

)
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Implicit representation
Kj'i‘jfz +7—F2i=1
Problems:

o  Surface evaluation Say, to display thiz sohere on the screen, we need to
approzmimate it by 1000 triangles, equally sized Hard to do.

o Partial surface. To define an octant of the sphere, not the entire sphere
which 1z closed. Dufficult



Parametric Surface Representations
=
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Parametric representation
x =FEcosGsing, w=EsinBsing, z=Ecosd (D=f=drland (0=¢g=x)
o Tocompute 10000 equally spaced points on the sphere? Just evaluate the
abowe equations at (&, §y) = (Q1000)* 2, GAO00)Y*2m),1=0,1,2,..., 3%, 1=
. . L.

o Torepresent the sphere in the first octant? Just limit the range of (9, ¢ to

(0=0=057.0=¢ =051



Parametric Surfaces

S(u,v) = [x(u,v), y(u,v), z(u,v)]" with u ;< u<u.,, and v <V <

Vmax

In most surfaces, the intervals for u and v are [0,1]. Surfaces can
be modeled by a group of surface patches. A surface patch has
the following boundary conditions:

4 corner vectors — S(0,0), S(0,1), S(1,0), S(1,1)

8 tangent vectors — 2 at each corner, S (u,v), S,(u,v)
4 twist vectors at the corners - S, (u,v)

4 boundary curves—u=0,u=1,v=0,v=1.



Parametric Surfaces (cont.)

Basic Terminologies of Parametric Surface S(u,v)

oS
S, (u,v)=—
u(U,V) %

(uw)

0S
S, (U,v)=—
v(U,V) .

(uv)

_ S,(a,b)xS, (a,b)
IS, (a,b) xS, (a,b)|

Corner S(0,0)

1.  S(u,b) and S(a,v) are iso-parametric curves at v=b and u=a
respectively.

2. n is the unit normal vector at (u,v) = (a,b).



Classification of Surfaces

Bi-linear Patch

Ruled Patch

Coons Patch

Bicubic Patch

Hermite Patch

Coons Patch with tangents

Bezier Patch

B-Spline Patch

Non-Uniform Rational B-Splines (NURBS)



Bi-linear Patch

 The simplest surface defined by 4 points in space
— Input: Four points Py, Py 4, Py o, Py 4

— Qutput: A surface S(u,v) with four corners S(0,0), S(0,1), S(1,0), and S(1,1) at
the four given points

« Example of a Bi-linear Surface




Bi-linear surface
(The simplest surface defined by 4 points)

1. Define two linear boundary curves alongu=0and u=1

Piy

10

Pg;r= Ii]—'J:I Puﬂ + *JPDJ

Pip=(1-v) P1p +vP1,

Puy
2. Define a linear curve along u direction between Poy and Poy.
Piu, vi=({1-u) Py + uPy,
5 Merge 1 and 2 together,

Plu, vi = (1-w)(1-v)Pypy +u{l-v)P1p + (1-u)wPy; + uvPy,

= BL(u,v) (Pog, Prg, Poy, Pi)



Ruled Surface

 The simplest surface defined by two curves
— Input: Two curves Qy(u) and Q,(u) (0 <u<1)

— QOutput: A surface S(u,v) with its two boundary curves S(u,0) and S(u,1)
identical to Q,(u) and Q,(u) respectively

o Definition & Example
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S(u,v) = (1-v)eQu(u) + veQ,(u)
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Other Examples of Ruled Surface
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Other Examples of Ruled Surface

Section curves

Point cloud

Shaded image
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Coons Patch

« Simplest surface defined by four curves Q,(u), Q,(u), Po(v), P4(v)

* Input and output

Given four boundary curves Qo(u), Qi(u), Po(v) and Py(v) on which a patch S(u, v) needs
to be defined, such that the four boundary curves S(u,0), S(u,1), S(0,v), and S(1,v) are
identical to the four curves Qq(u), Q (u), Po(v) and Py(v) respectively. Bi-linear surface
can be viewed as a special case of this in which the four input curves are all linear.

Q1w
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Defining a Coons Patch: Step 1 and Step 2

Define aruled surface along u direction between Po(wv) and Pi{vw).

1.

S1(u,7) = (1-wPy(v) + uby(v)

This surface 15 bounded by Po(w) atu=10
atd Piiv) at u=1, az desired However,
the other pairs of boundary curves will
be straight line segments, not the desired

Qu(u) and Q(u)

Define a ruled surface along v direction between Quiu) and Qq(u).

2.
; Qau)
: ‘ J Sa(u,v) = (1-w)Qofw) + vQ1(u)
I'I : ¢ 2w, v jf rll This surface 15 bounded by Qufu) at v=10
: ; Jf :’ s and Qi(u) at v=1, as desired Howewer,
I.' ; ; A 2 the other pairs of boundary curves will be
! i ;J o Jar straight line segrments, not the desired
; i £ @ Py and Pofw).
vﬁWJ
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Defining a Coons Patch: Step 3

Add two together and find the compensating patch.
Piu,v) = 8i{u, v + Salu,v)

At the boundary:

P(0,v) = Fy(w) + (171 Qof{0) + w0, (0]

P(l,v) = Piv) + (1-w1Qo{1) + wOL (1]

Plu,0) = Qulu) + (1-wPp( + ul (0)

Plu, 1) = Qu{uw) + (1-wmPp(1) + ul(1)

The underlined are unwanted. They are the line segments connecting the four
corners. o if we define a bilinear patch on these four corners,

Sa(u,v) = BL{u,w) (Qo(0), Qi 1), Qu(07, Qui11,

and subtract it from P{u,v), the result 13 what we want, a Ceans’ patch:

Siu,v) =Plu,v) — Ss(u,v) = S1(u,v) + Sa(u,v) — Sziu,v).
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Generalized Coons Patch

The terms (1-u) and u (similarly for v and (1-v)) in the Coons patch are linear
blending functions, as a direct result of the bi-linear construction in Step 1 and Step
2. If we replace them by a pair {ay(u), 1-a,(u)} (similarly for v), where a,(u) can be
any continuous function, the resulting surface still meets the boundary condition:
S(0.v) = Pg(v), S(1,v) = P;(v), S(u,0) = Qe(u), and S(u,1) = Q,(u).

- BW) =] o 10,0 Q©OTt-v
S(u,v)—[(l i) M]{ﬁ(v)}i_[gu(u) QI(M)]|: v} [(1 i) M]{Qn(l) Ql(l)}{ ‘u‘}

(1-u) = o(u)
u =2 1-—oyu)

B / 0 0 /
b el ol L {2 2T

Example: () =1 — 3¢ + 212
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Coons Patch Example

Modifying one of the four boundary curves will cause the corresponding Coons patch to
alter only the interior of the surface and the curve itself — the other three boundary curves
remain unchanged.
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Bi-cubic Patch

A bicubic patch 1s a surface represented by an equation in polynomial form of degree 3 1n
the parameters v and v as in:

% i3 o
Stuv) =5 % au'v (0=u=1,0=2v=l)
i S

O, in matnix form:
2 i
Stu,w)=[1uud v¥]

where each ey 15 an algebraic vector with x, y, and z components.

x(,v) 054 2v+v" —wv” —du’V

Example: Stuw)= |y, v) | = W 4 Sty
z(x, V) 1+ 2.5 =1 5u%°
0.5 2 0 1 0 =] 0 0 -4
an=| 0 |, em=|0| an=|3|a:=|0[an=| 0 |, au=|0 |, ea1=|5|. == 0 | az=|0
1 0 0 0 2:3 0 0 -15 0

All other ag are [0 0 0]T, 18



Hermite Patch

Similar to Hermite curve, non-intuitive algebraic coefficients a; need
to be replaced by geometric coefficients like corner points and
tangents. There are 16 unknowns a;, so we need 16 boundary
vectors in order to find them.

12 intuitive vectors

4 more boundary vectors (twist vectors)
(usually set to zero vectors if difficult to decide)

Compute the Hermite form

. Compute the derivatives of the bicubic surface

. Plug in the 16 boundary vectors and solve the linear equations for aij
. Rearrange into the Hermite Form

19



First 12 Boundary Conditions in a Patch

5,(1.1)

S5.(1,1)

S(0.0) 501,00 Su01,0

o  The four corner pownts S(0, 0, 8(0, 13, 8{1, 0}, and 8(1, 1).
® The four tangent vectors along u direction at the four corners: 8§,(0, 0, 8,00, 13, 8,01, 0, and 8,1, 1).

® The four tangent vectors along v direction at the four corners: S;(0, 0, 8;(0, 13, 8;(1, 0, and 8,1, 1}



Four more boundary conditions in a patch

The 2™_grder cross-derivative is defined as:

5w, v)

Sp (1, 7] = o,

o The 28 order cross-derivatives at the four corners: S (0, 01, 8g(0, 13, S8g(1, 09, and Sg(1, 1.

« Compute the Hermite form
1. Compute the derivatives of the bicubic surface

2. Plug in the 16 boundary vectors and solve the linear equations for a;
3. Rearrange into the Hermite Form
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Derivatives of Bi-cubic Patch

Sw) =1 uuud

Sau,v) = {([1 v v? v

So(u,7) = ([1 002 ]

&

Sarfuw) = ([0 120 3u2]

AR

LE0 ]

= =

2y

1 Iyt




Definition of Hermite Patch

(S(0.0) SO 8,00 5,00 A
S(1,0) S S0y S, AD | (V)
$,(0.0) S,(0.) S,00 8,00 LW
5,0 S,AD 8,00 S, | A0

S(u,v) = [fH(n) fi(n) f(u) fi(u)]

(0<u<l,0<sv<])
where the blending functions f,(u), f;(n), f;(u), and f;(u) are Hermite functions:

fo(u) =1 - 3wz + 2u?
fi(u) = 3u? - 2w?
fu)=u-2u+w?
fi(n) = -uz + w.



Boundary curves are Hermite

85,(0.1)

801

Each of the four boundary
curves 12 a Hermite curve.

Example: §(0,w). After
substituting 0 for u into

S,V

()
5(0.0)

[ 50,00 ]

S00.1)
5,001
Eedint]

S(0v) =[fh(v) fi(v) H(v) B(¥)]

S0, 0y and S0, 1) are the two corners and Sy(0, 0 and S;(0, 1) are the tangent vectors of
DO | =500, 00, and TOD

$,(0, 1), 24

the patch along the v direction. Motice that




Iso-parametric Curves are Hermite Curves

Any izo-parametric curve S{u, v) of
S(ug, w1z a Hermite.

Example: S{u, wy). Substituting v=w
leads to:

S(D,D) S(1,0)

S0,w)
51,0
G v d |
()

S, o) = [falv) Hi(w) f(w) ()]

where:
G = Suf0.0alv0) + Suf0, D) + Sl 0.0)5(0) + Sy (0, ()
G (v} = Sul1,0Mo{vo) + Su(1, D10 + Sur(1, 0000 + S (1, ().
Mote that:

(54, V)

i, v)
i

0.,y = Ga(¥)

(Lv.) = G-’f(vﬂj- 25



Example of Hermite Patch

Drawbacks of Hermite Patch: It is not easy and not intuitive to predict surface shape according to
changes in magnitude of the tangents (partial derivatives) at the four corners. In addition, the four
cross-derivatives S (0, 0), S,,(0, 1), S, (1, 1) and S, (1, 0) most of time are not known.
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Bezier Surface

Definition:
S(u, v) = iif}f,n w38, (v)Py (0<u<l,0<v<])
i=0 j=0
p;: the control points that form a (n+1) by (m+1) control mesh
n. the degree of the surface in u direction
m: the degree of the surface in v direction

27



Properties of Bezier Surface

The four control points Pog, Po, Pun, and Pog lie on the surface and are its four

corners S(0,00, §(0,1), §{1,0%, and 8{1,1) respectively.

Any iso-parametric curve 13 a Bezier curve.
H b

(Sug, v) = EE By (1018, (V) Py 15 a Bezier curve, so 15 8(u, ), for any
il il
constant Uy of vp.)

Convex Hull Property — The Bezier patch 1z inside the convex hull of 1ts

control points.
" ol

(To prove: show that Eﬂ E_D By )8, (v) =1forany uand v.)
=0

S (2d,37)

The partial derivative |i'lﬂh 1z parallel to (Pig — Pog), and

e (14, 7)

the partial denivative |¢u,u; iz parallel to (Po — Pag).

(=imilarly for the other three corners)

A (22, v) 5 (1, v)

The partial derivatives atd are alse Bezier surfaces

themselves.
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Evaluation of Bezier Surface

How to evaluate a Bezier patch at a point (u,, v;)? By applying the de Casteljau algorithm
recursively.

Mﬂ

S(“D* ¥ ) Z i B:',n (”EI )B_;m (TEI ) Pij

v

1=

.
I
=

|:‘§_‘PDJBJJ‘H(TD :|BEIH(”EI)+ |:‘>_‘ 1.7 _jmﬁ :|Bl,n(”EI) T e |: ?‘!,J Jm(1ﬂ):|Bnn(“EI)
i=0

J=0 J=t

¢ Using de Casteljau algorithm to evaluate C;= > B B, (v;) (i=0,1,....n)

1 pra

e
]

e Using de Casteljau algorithm again to evaluate S(u,, vy) = T‘ 2. C:B;, ()
i EI
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Pictorial lllustration of Evaluating a Cubic
Bezier Surface

30



Drawbacks of Bezier Surface

* High degree
— The degree is determined by the number of control points which tend to be

large for complicated surfaces. This causes oscillation as well as increases the
computation burden.

* Non-local modification control

— When modifying a control point, the designer wants to see the shape change
locally around the moved control point. In Bezier patch case, moving a control
point affects the shape of the entire surface, and thus the portions on the
surface not intended to change.

* |Intractable linear equations

— If we are interested in interpolation rather than just approximating a shape, we
will have to compute control points from points on the surface. This leads to
systems of linear equations, and solving such systems can be impractical when

the degree of the surface is large. 31



B-Spline Surface

Definition:

H Hl
S(u, V)= > >N, @)N,, (V)P (s AR
i=0 j=0

p;: the control points that form a (n+1) by (m+1) control mesh
k. the order of the basis functions in u direction

[ the order of the basis functions in v direction

U={sy, ..., Sy IS the knots vector in u-direction

V={t, ..., t..} is the knots vector in v-direction

n+l 2

< 3 <
1 <v<i,,)

32



Example B-Spline Surface

n=m=35

k=3, knot vector (u-direction) U= {0,0,0,0.25,0.5,0.75,1, 1, 1
[ =4, knot vector (v-direction) V=1{0,0,0,0,033,066,1,1,1,1

Both U and V are non-periodic and uniform (the patch passes all the four corners).
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Properties of B-Spline Surface

e  The four control points Pag, Pon, Pup, and Pop lie on the surface and are its four

corners Plaer, i), Plaen twa), Plaer, 1), and Plawa, twe) respectively. (For
non-pertodic only.)

o Convex Hull Property — The B-spline patch 15 inside the conwvex hull of its

control points. (273" N, @) N ,(v) =1for all uand v
il i

o  Anyisoparametric curve 15 a B-spline curve.
(Similar to that anv 1soparametric curve of a Bezier patch 15 a bezier curve)

A (1, V)

® The partial derivative |i'l'1'3 15 parallel to (P — Pga), and

A (1, v)

the partial derivative |iﬂ.ﬂh iz parallel to (Pay — Pag).

(Similar arguments hold for the other three corners.)

A, v) A, v)

® The partial derivatives and

are also B-spline surfaces

themselwes.

o Local medification: when a Pyj1s moeved, only a local portion on the surface
cotresponding to some parameter subset [z, 2" | %[v' V' ] will be affected.

(hitp /fmadmax me berkeley edui~fuchuno/Bsurface html)




Local-modification Control of B-Spline Surface

(SD‘ tnﬂ) (Sn+}c~ tn+.i')

Non-zero interval of N, (u)

L] Non-zero mterval of N, ,(v)

. Non-zero interval of ﬁﬂ,k{u}f\h(\r')

i+ (Sn+.?c" tEI)

e <
o~
T
! =
-
=
L
M
[ )]

1]

N, (WN; (v) is the blending function before control point P;. So when P
moves, 1t will only effect the portion of the shape of the original B-spline
surface corresponding to the non-zero interval [ .
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Example Questions

A conical surface is generated by revolving a straight line between two
points (2, 0, 0) and (1, 2, 0) about the y-axis by 180 degrees.

a. Derive the parametric equation of the conical surface. Assume that
parameter u moves a points along a circle on a plane perpendicular to
the y-axis as it varies from O to 1 and that parameter v changes the
height of the circle in the y-direction as it varies from O to 1.

b. Approximate the conical surface by a bicubic patch. In other words,
you need to give all the 16 geometric coefficients of the bicubic patch.

c. Evaluate the bicubic patch at u = 0.5 and v = 0.5 and compare the
result with those from the exact parametric surface.

Refer to the figure below, it shows two semi-circles, in the xy-plane and
Xz-plane respectively. You are asked to derive two parametric surfaces
based on these two semi-circles.
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Example Questions (2)

2. (cont’'d)
a. Define a parametric surface P,(u, v) by revolving the semi-circle in the
xy-plane about the x-axis by 90 degrees, in which u is the parameter of
the semi-circle from O to 1 and v (also from O to 1) is the parameter
representing the revolving about the x-axis.

b. Define a Coons patch P,(u, v) based on the four arcs of the two semi-
circles, i.e., the arc between (1, 0, 0) and (0O, O, 1) on the semi-circle in the
xz-plane, etc. Make sure when constructing your Coons patch, the order
of the four arcs and their parameter directions are correct.

c. Evaluate both P,(0.5, 0.5) and P,(0.5, 0.5). Are they equal to each
other?

0,0, 17

(-1, 0,00

(1,00}
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Example Questions (3)

Let C,(u) be a cubic Bezier curve with four control points PO, P1, P2, and
P3, and C,(u) be another cubic Bezier curve with control points QO, Q1,
Q2, and Q3. Let S(u, v) be the ruled surface defined by the two rails C,(u)
and C,(u).

a. Give the parametric equation of S(u, v).
b. Is S(u, v) a Bezier surface? If “Yes”, please represent S(u,v) in the

standard Bezier surface representation. If “No”, prove it.

Continuing from Problem 3, suppose this time C,(u) remains the same,
but C,(u) is now a degree-4 Bezier curve with five control points QO, Q1,
Q2, and Q4. Is S(u,v) a Bezier curve? Why?
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