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Abstract The design of optimal structures and the planning
of (additive manufacturing) fabrication sequences have been
considered typically as two separate tasks that are performed
consecutively. In the light of recent advances in robot-
assisted (wire-arc) additive manufacturing which enable ad-
dition of material along curved surfaces, we present a novel
topology optimization formulation which concurrently op-
timizes the structure and the fabrication sequence. For this,
two sets of design variables, i.e. a density field for defin-
ing the structural layout, and a time field which determines
the fabrication process order, are simultaneously optimized.
These two fields allow to generate a sequence of interme-
diate structures, upon which manufacturing constraints (e.g.
fabrication continuity and speed) are imposed. The proposed
space-time formulation is general, and is demonstrated on
three fabrication settings, considering self-weight of the in-
termediate structures, process-dependent critical loads, and
time-dependent material properties.
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1 Introduction

Recent advances in additive manufacturing (AM, also
known as 3D printing) enable the fabrication of structures
with unprecedented geometric complexity. The benefits of
this manufacturing flexibility are probably best exploited in
combination with the design of structures by topology opti-
mization (TO). TO aims at finding the optimal distribution
of material under a given set of constraints (Bendsøe and
Sigmund, 2004). The optimized structures are often very
complex from a geometric perspective. Without applying
additional constraints to reduce complexity, the optimized
structures are difficult or impossible to produce by conven-
tional manufacturing technologies. Such extra constraints
nevertheless compromise the structural optimality. In the
past years, impressive progress has been made on the inte-
gration of topology optimization for additive manufacturing.
For an overview of research on this topic, we refer to a re-
cent survey article by Liu et al. (2018a). In particular, the
developments have been focusing on AM constraints and/or
characteristics such as the overhang angle (e.g. (Wu et al.,
2016b; Gaynor and Guest, 2016; Mirzendehdel and Suresh,
2016; Qian, 2017; Langelaar, 2017, 2018; van de Ven et al.,
2018; Garaigordobil et al., 2018; Allaire et al., 2017a; Wang
et al., 2019)), infill structures (e.g. (Wu et al., 2018, 2017;
Groen et al., 2019; Fu et al., 2018; Liu et al., 2017; Clausen
et al., 2016; Garner et al., 2019)), thermal residual stresses
(e.g. (Allaire and Jakabčin, 2018)), and material anisotropy,
i.e. due to the deposition path (e.g. (Liu and To, 2017; Liu
et al., 2018b; Dapogny et al., 2019)).

In additive manufacturing, structures are fabricated pro-
gressively, i.e. by adding material in an incremental manner.
The fabrication sequence is typically planned after the struc-
ture has been designed or optimized. In commonly used AM
processes such as fused deposition modeling and selective
laser sintering, given an optimized structure with a specific
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orientation, the structure is sliced into a set of planar layers.
The planar layers are added to the structure one upon an-
other, by extruding small flattened strings of molten mate-
rial or by melting and fusing powder material. The AM plat-
forms often have three degrees of freedom, allowing three
dimensional translation of the printer head or the structure
under construction. The introduction of rotational degrees
of freedom into AM platforms has further increased the fab-
rication flexibility. For instance, using a robotic arm to con-
tinuously rotate the structure during construction, it allows
to deposit material along curved layers (Dai et al., 2018).
The increased flexibility in production further enlarges the
design space with the planning of the fabrication sequence.

As mentioned, the optimization of structures and the
planning of the fabrication sequence are typically performed
separately. In topology optimization, it mostly concerns the
mechanical performance of the final structure as a whole,
and does not evaluate the mechanical properties of the un-
finished structure during the fabrication process. Consider
the fabrication of a large scale structure using wire and arc
additive manufacturing (Williams et al., 2016). The mechan-
ical properties of the structure at all intermediate stages shall
also comply with certain criteria. In general, a number of
aspects, including self-weight, material curing and solidi-
fication, thermal dissipation and distortion, are influenced
by the fabrication sequence. These aspects in turn affect the
(mechanical) performance of the structure at both the inter-
mediate and final stages.

In this paper we make the first step towards the concur-
rent optimization of structural layout and the correspond-
ing fabrication sequence, which we shall call space-time
topology optimization. The space-time topology optimiza-
tion uses two sets of design variables. The first set represents
the structural layout by a density field which is standard,
as in traditional density-based approaches (Sigmund, 2001).
The second set encodes the fabrication sequence by a time
field, with the ascending order indicating the incremental ad-
dition of structural material. We present a general formula-
tion where the objective function could take into account
the structural properties of both intermediate structures as
well as the complete structure. To this end, a sequence of in-
termediate structures is defined by the density and the time
field. We impose general constraints on intermediate struc-
tures, regarding fabrication continuity and process speed.
This general formulation is demonstrated by integrating a
few simplified yet meaningful aspects that are associated
with the fabrication sequence, including self-weight of the
intermediate structures, process-dependent loads, and time-
dependent mechanical properties (e.g. in a curing process).

The present work is related to a few recent papers which
dealt with prescribed fabrication sequence in topology op-
timization. Allaire et al. (2017a,b) proposed a novel me-
chanical constraint functional, which mimics the layer by

layer construction process featured by additive manufactur-
ing technologies. This constraint aggregates the self-weights
of all the intermediate structures. Amir and Mass (2018)
proposed a formulation which integrates the loading and
support conditions during construction. This formulation ef-
fectively reduces temporary supports or scaffolds for fabri-
cating the optimized layouts. Bruggi et al. (2018) developed
a formulation for optimizing support structures in problems
involving a time-dependent construction process. Allaire
and Jakabčin (2018) introduced a model for shape and topol-
ogy optimization, taking into account the effects of the ther-
mal stresses on intermediate structures during the additive
construction process. In the approaches described above, the
fabrication sequence is prescribed, and in particular, a se-
quence of planar layers. In contrast to these approaches, in
the present work, the fabrication sequence is optimized to-
gether with the structure. The proposed method forms a per-
fect match with recent advances in additive manufacturing
which enable flexible fabrication beyond consecutive planar
layers.

We note that the term space-time topology optimization
was used by Jensen (2009) in a different context, i.e. to
optimize the point-wise, time-dependent material properties
for transient problems. It was outlined for one-dimensional
wave propagation in an elastic rod, taking time-dependent
Young’s modulus as design variables. In this paper, the tem-
poral domain is used to encode the fabrication sequence. The
structural analysis in our examples concerns a series of static
equilibria, evaluated at specific timepoints during the fabri-
cation process.

The remainder of this paper is organized as follows. In
Section 2 we present the formulation including the general
objective function, and constraints on intermediate struc-
tures regarding fabrication continuity and speed. This gen-
eral formulation is followed by an example to explain the
consequences of the constraints (Sec. 3). We then demon-
strate the space-time optimization concept on three sce-
narios, considering self-weight of the intermediate struc-
tures (Sec. 4), process-dependent loads (Sec. 5), and time-
dependent material properties (Sec. 6). After a discussion
on parameters and alternative formulations in Section 7, we
present conclusions in Section 8.

2 Space-Time Topology Optimization

The material layout and the fabrication sequence are de-
scribed by two fields. In addition to a density field (ρ) known
from traditional topology optimization, a time field (t) is
introduced to encode the order of material deposition. The
objective function (J) is abstractly defined as a function of
these two fields, by

J(ρ, t) = Jcomplete(ρ, t) + Jprocess(ρ, t), (1)
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where the first term (Jcomplete) measures the structural
property (e.g. compliance) of the entire structure, while the
second term (Jprocess) measures properties of intermediate
structures during the manufacturing process.

In this section we first present the generation of interme-
diate structures from the density and the time field. We then
present example constraints reflecting fabrication require-
ments, i.e. volume constraints and continuity constraints on
intermediate structures.

2.1 Intermediate structures

Using a finite element discretization of the design space,
each element is associated with a (pseudo) density value
ρe ∈ [0, 1] and a (pseudo) time value te ∈ [0, 1]. The den-
sity value indicates whether the element is empty (ρe = 0)
or solid (ρe = 1) in the final (complete) structure. The time
value indicates the time at which the material associated
with the element is added to the structure. Thus, a relatively
larger time value indicates that this element is fabricated
later. As in traditional density-based approaches, the den-
sity value eventually converges to either 0 or 1. However, it
shall be noted that the time value shall be continuous.

In space-time topology optimization, structural proper-
ties may be evaluated not only for the final (complete) struc-
ture, but also for the incomplete structure, i.e. at interme-
diate stages of the manufacturing process. In the proposed
space-time topology optimization, at a specific time T , the
elements with a time value te ≤ T have been added to the
structure. The intermediate structure at time T is thus deter-
mined by

ρ[T ]
e =

{
ρe, if te ≤ T,
0, otherwise.

(2)

This is illustrated in Figure 1. The discrete density field is
illustrated in (a), and the continuous time field in (b), with a
few iso-contours. Figure 1 (c) and (d) depict the incomplete
structure, i.e. intermediate stages of the fabrication process,
at T = 0.2, and 0.4, respectively.

The intermediate structure at time T can be extracted by
Eq. 2. To avoid the use of conditional equations which are
not differentiable, we make use of a filtering technique to
generate the intermediate structure from the density and the
time field. This process is visualized in Figure 2.

Two sets of design variables, φ for density and τ for
time, are used in optimization. First, in order to avoid
checkerboard patterns, convolution operators are applied to
smooth both fields. This results in φ̃ and t = τ̃ , with the
tilde indicating smoothed continuous fields. It is worth not-
ing that both fields need to be smoothed. A checkerboard
pattern in one of the fields leads to a checkerboard pattern
in intermediate structures, since intermediate structures are

specified by the multiplication of the two fields, as will be in-
troduced shortly. We use the convolution operator as in clas-
sical density-based approaches for smoothing. This yields

φ̃e =

∑
i∈Se w(xi, rd)viφi∑
i∈Se w(xi, rd)vi

, (3)

and

te = τ̃e =

∑
i∈Se w(xi, rt)viτi∑
i∈Se w(xi, rt)vi

, (4)

where vi is the area or volume of an element, and the weight-
ing function is defined as

w(xi, r) = r − ||xi − xe||, (5)

where r is the filter radius, xe and xi are the positions of
the centroid of element e and its neighbor element i ∈ Se =

{i | w(xi, r) > 0}, respectively. We also note that the fil-
ter radii, rt for time and rd for density, can take different
values. Besides avoiding checkerboard patterns, rd also reg-
ulates the thickness of resulting structures.

Following the smoothing operator, a (smoothed) Heavi-
side projection is applied to obtain discrete values ρ =

¯̃
φ and

t̄, with the bar indicating projected discrete fields. For the
density field, the projection converts a density value smaller
(or larger) than a given threshold to close to 0 (or 1), by

ρe =
¯̃
φe =

tanh(βdη) + tanh(βd(φ̃e − η))

tanh(βdη) + tanh(βd(1− η))
, (6)

where βd is a positive number to control the sharpness of
the step function, and η = 0.5 is the density threshold value.
This projection has been discussed, for instance, by Wang
et al. (2011).

For the time field, a projection is used to convert a time
value smaller (or larger) than a given threshold, T in time,
to close to 1 (or 0). This is achieved by

t̄[T ]
e = 1− tanh(βtT ) + tanh(βt(te − T ))

tanh(βtT ) + tanh(βt(1− T ))
, (7)

where βt, similar to βd, controls the projection sharpness,
and T is the threshold time value.

The intermediate structure at time T is thus defined by

ρ[T ]
e = ρet̄

[T ]
e . (8)

This function can be interpreted as a segmentation of the
density field ρ by the iso-contour of t = T , as visualized in
Figure 1.
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(a) Density field (ρ) (c) Intermediate structure at T = 0.2 (d) Intermediate structure at T = 0.4(b) Time field (t)
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Fig. 1 Illustration of a discrete density field (a), a continuous time field (b), and resulting intermediate structures at T = 0.2 (c) and T = 0.4
(d). In (c) and (d), for illustration purposes, in gray the full structure is shown. The outer contour of the design domain is indicated by the orange
dashed lines.

τ t = τ̃ t̄[T ]

φ φ̃ ρ =
¯̃
φ

ρ[T ] = ρt̄[T ]

Smoothing

Smoothing

Projection

Projection

rd

rt

βd

βt, T

Fig. 2 Illustration of the density field (bottom), the time field (top), and
the corresponding filtering and projection operations for specifying an
intermediate structure (right).

2.2 Volume constraints on intermediate structures

In additive manufacturing the structure is fabricated incre-
mentally. A parameter involved in this process is the fab-
rication speed, i.e. the amount of material which can be de-
posited per unit of time. To incorporate the fabrication speed
in the space-time optimization, we divide the time range
[0, 1] by a finite number (N + 1) of uniformly distributed
timepoints, denoted by

Ti =
i

N
, i = 0, ..., N. (9)

Consequently, there areN intervals (also called stages in the
following), each with a duration of 1

N . The number of stages
(N ) is prescribed, and thus the specific time Ti when an in-
termediate structure is evaluated is determined. For simplic-
ity, we assume a constant fabrication speed; the maximum
volume of the complete structure (V0) is equally added dur-
ing each of the uniform time intervals. In other words, the
increment in volume during each time interval is bounded
by V0

N , i.e.

V [Ti] − V [Ti−1] ≤ V0

N
, i = 1, ..., N, (10)

where V [Ti] and V [Ti−1] denote the total material volume
processed up to timepoints Ti and Ti−1, respectively. The
initial volume, V [T0], is prescribed as 0. For compliance
minimization as studied in this paper, since the optimiza-
tion always uses the maximum amount of available material
volume, this is equivalent to

V [Ti] ≤ i

N
V0, i = 1, ..., N, (11)

here V [Ti] is given by

V [Ti] =
∑
eρ

[Ti]
e ve, i = 1, ..., N, (12)

where ve is the area or volume of an element. Since in this
paper a uniform finite element discretization is used, ve is
constant for all elements (ve = v0).

2.3 Continuity constraints on intermediate structures

During the incremental additive fabrication process, it is for
most manufacturing processes essential that the material is
deposited on material which has been deposited previously.
If the material is to be deposited in isolation, auxiliary struc-
tures are temporarily needed to hold such an isolated struc-
tural fragment in place. To avoid the processing costs associ-
ated with additional supports, we thus formulate a continuity
constraint to prevent isolated material patches. An isolated
material patch during the fabrication process can be associ-
ated with a local minimum in the time field; all its adjacent
elements have a larger time value and thus will be fabricated
later. Therefore, isolated material patches can be prevented
by requiring

g(te) = min
i∈Ne

(ti)− te ≤ 0, ∀e ∈M, (13)

whereNe denotes the set of elements adjacent to element e.
M is the set of active elements in the design domain, i.e. all
elements except those which are prescribed as the starting
point/region for the fabrication process (i.e. with te = 0).

2.3.1 Relaxation

The continuity constraint, Eq. 13, is not differentiable, and
it applies to a large number of elements. To facilitate nu-
merical optimization, we present an aggregated formulation.
This formulation involves two steps.

First, the non-differentiable function Eq. 13 is approxi-
mated by a continuous function. To this end, we make use
of the fact that t ≤ 1 and, consequently, mini∈Ne(ti) can be
rewritten as:

min
i∈Ne

(ti) = 1−max
i∈Ne

(1− ti), (14)
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where maxi∈Ne(1 − ti) can be approximated with a p-
norm (Wu et al., 2018):

max
i∈Ne

(1− ti) ≈ (
∑
i∈Ne

(1− ti)p)
1
p . (15)

As a result, g(te) is approximated by

g(te) ≈ 1− (
∑
i∈Ne

(1− ti)p)
1
p − te. (16)

Second, the per-element constraints Eq. 13 are aggre-
gated. A straightforward way to aggregate Eq. 16 is by mak-
ing use of the max function,

max
e∈M

(g(te)) ≤ 0, (17)

which can be approximated with a p-norm. However, apply-
ing a p-norm on top of another p-norm (i.e Eq. 15), both with
p as large as 50, leads to a highly non-linear response func-
tion. Our initial numerical tests showed that the optimization
convergence using this function is far from ideal.

Therefore, we rather aggregate Eq. 16 by computing the
average of a function defined on g(te)

H(t) =
1

#(M)

∑
e∈M

H(g(te)) < ε, (18)

where # denotes the number of elements in a set, ε is a small
constant, and the function H is defined by

H(x) =

{
1, x > 0,

0, x ≤ 0.
(19)

The left-hand side in Eq. 18 becomes 1
#(M) if there ex-

ists a local minimum in the set of active elements (M), i.e
x = g(te) > 0. Therefore, by assigning ε a value that is
smaller than 1

#(M) (ε = 10−9 in this work), Eq. 18 would
effectively avoid local minima.

The step function H is approximated by

H(x) ≈ 1

2
(tanh (βmx) + 1) , (20)

where βm controls the sharpness of projection.
We note that a Heaviside projection-based aggregation

has recently been used to control overhang angle (Qian,
2017; Wang et al., 2019) and local stresses (Wang and
Qian, 2018). A detailed comparison between the Heaviside
projection-based aggregation and the p-norm is provided in
(Wang and Qian, 2018).

2.4 Sensitivity analysis

This subsection presents derivatives of the constraints which
we proposed in the previous two subsections.

2.4.1 Sensitivity analysis of volume constraints

For the volume constraint defined in Eq. 11, its derivative
regarding to φe at time Ti is given as:

∂V [Ti]

∂φe
=

∑
k∈Se

∂V [Ti]

∂ρ
[Ti]
k

∂ρ
[Ti]
k

∂ρk

∂ρk

∂φ̃k

∂φ̃k
∂φe

,

=
∑
k∈Se

vk t̄
[Ti]
k

∂ρk

∂φ̃k

∂φ̃k
∂φe

,

(21)

where ∂ρk
∂φ̃k

follows as

∂ρk

∂φ̃k
= βd

1− tanh2(βd(η − φ̃k))

tanh(βdη)) + tanh(βd(1− η))
, (22)

and ∂φ̃k
∂φe

is calculated based on the definition of φ̃e in Eq. 3.
Similarly, the derivative of constraint Eq. 11 regarding

to τe at time Ti is given as:

∂V [Ti]

∂τe
=

∑
k∈Se

∂V [Ti]

∂ρ
[Ti]
k

∂ρ
[Ti]
k

∂t̄
[Ti]
k

∂t̄
[Ti]
k

∂tk

∂tk
∂τe

,

=
∑
k∈Se

vkρk
∂t̄

[Ti]
k

∂tk

∂tk
∂τe

,

(23)

where

∂t̄
[Ti]
k

tk
= βt

tanh2(βt(Ti − tk))− 1

tanh(βtTi)) + tanh(βt(1− Ti))
, (24)

and ∂tk
∂τe

is calculated with the definition of te in Eq. 4.

2.4.2 Sensitivity analysis of continuity constraints

To simplify the derivation, the constant 1
#(M) in Eq. 18 is

temporally dropped out. Thus, the derivative of Eq. 18 re-
garding the time variable τe is

∂
∑
e∈MH(g(te))

∂τe
=

∑
i∈Se

∂H(g(ti))

∂τe
, (25)

where

∂H(g(ti))

∂τe
=

∂H(g(ti))

∂g(ti)
(
∂g(ti)

∂ti

∂ti
∂τe

+
∑
k∈Ni

∂g(ti)

∂tk

∂tk
∂τe

),

(26)

with

∂H(g(ti))

∂(g(ti))
= βm

1− tanh2(βmg(ti))

2
, (27)

and

∂g(ti)

∂tk
=


−1, i = k,

(
∑
u∈Ni

(1− tu)p)
1
p−1(1− tk)p−1, k ∈ Ni,

0, otherwise.

(28)
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3 Demonstration of Manufacturing Constraints

In this section a simplified space-time optimization problem
is used to demonstrate the consequences of the fabrication
constraints. The test problem is compliance minimization
under the assumption of linear elasticity. The design domain
and boundary conditions are illustrated in Figure 3. In con-
trast to a single constraint on the total material volume as
in traditional compliance minimization, here a series of vol-
ume constraints is imposed. Each of them corresponds to the
maximum material volume processed up to a specific time,
as discussed in Section 2.2. Furthermore, the manufacturing
continuity constraint as discussed in Section 2.3 is included.
Let N denote the number of prescribed time intervals, the
problem is described by

min
φ,τ

c = UTK(ρ)U (29)

s.t. K(ρ)U = F , (30)∑
e

ρeve ≤ V0, (31)

0 ≤ φe ≤ 1, (32)

0 ≤ τe ≤ 1, (33)

V [Ti] =
∑
eρ

[Ti]
e ve ≤ i

N V0, i = 1, 2, ..., N, (34)
1

#(M)

∑
e∈M

H(g(te)) < ε, (35)

where T denotes the transpose operator, U is the displace-
ment vector, K the stiffness matrix, and F the force vector.
The stiffness matrix K is assembled from element stiffness
matrices defined by ke = Ee(ρe)k0, where k0 is the stiff-
ness matrix of a solid element with unit Young’s modulus
and Ee(ρe) is the Young’s modulus corresponding to ele-
ment e, interpolated via the modified solid isotropic material
with penalization (SIMP), given by

Ee(ρe) = Emin + ρqe(E0 − Emin), (36)

where E0 is the Young’s modulus of a solid element, Emin
a small term assigned to prevent the global stiffness matrix
from becoming singular, and q a penalization factor (typi-
cally q = 3). In this test formulation, the objective is to re-
duce the compliance of the entire structure. Structural prop-
erties (e.g. compliance) of intermediate structures are not
included here, and will be discussed in following sections
where process-dependent loads and material properties are
introduced.

The optimization problem is solved using the method
of moving asymptotes (Svanberg, 1987). The derivative of
Eqs. 29 and 31 regarding to the design variables τe and φe is
standard. The derivatives of Eqs. 34 and 35 have been given
in Section 2.4.

Figure 4 compares optimized density and time fields
for three configurations where the prescribed start of man-
ufacturing (indicated by blue quads) is different. The first

Fig. 3 The design domain and boundary conditions. The design do-
main is discretized into 120×40 square bilinear finite elements.

row shows the initial time fields. They are initialized by
computing the distance of each element to the start region.
The distance field is then normalized by the maximum dis-
tance value among all elements. While the time field is ini-
tialized by a monotonic field, the density field is initial-
ized uniformly, using the target volume fraction. The sec-
ond row shows the optimized continuous time fields, where
the curves indicate the boundary of different manufactur-
ing stages (a total of 8 in this example). The time fields are
used to color the optimized structures, shown in the last row.
Although the optimized structures are different, their com-
pliance values are very close. In fact, the time field plays
no role in the objective function. It affects only the seg-
mentation of the structures into stages. Figure 5 shows a
sequence of intermediate stages, illustrating stages of the
additive manufacturing process. This demonstration verifies
that the optimized fields satisfy continuity and volume con-
straints.

Figure 6 compares the optimization using two different
initial time fields, the top row with a uniform time field (a)
and the bottom row with a monotonic time field initialized
by a normalized distance field corresponding to the start of
the fabrication process (d). The optimized time field in (e) is
monotonic from left to right, while the optimized time field
in (b) exhibits some variations. Two local maxima in the top
and bottom middle of the time field in (b) can be observed.
Local maxima do not violate the continuity constraint, but
lead to a more complex manufacturing sequence. A mono-
tonic initial time field is used in this paper, if not explicitly
stated otherwise.

Figure 7 shows optimized results with 10, 20, and 30

time intervals (i.e. manufacturing stages). The fabrication
starts from the top left in the design domain. The initial time
field has been shown in the last column of Figure 4. The
fabrication granularity increases as the number of time inter-
vals is increased, allowing a finer planning of the fabrication
process. It is also verified that the optimized fields satisfy
the continuity and volume constraints on intermediate struc-
tures.
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Compliance: 157.77 Compliance: 158.75 Compliance: 157.37

Fig. 4 Time fields and structures generated with different manufacturing startpoints (blue regions). From top to bottom: the initial time fields
(constructed from distance fields corresponding to the startpoints), optimized time fields, and optimized structures. The black curves indicate the
boundaries between adjacent parts which have been manufactured during different manufacturing stages. The number of stages, 8 in this test, is
not a design variable but is prescribed. Consequently, Ti, the values which are used to segment the time field are determined. The colorbar on the
right indicate the time values. (This colorbar is used consistently in this paper for other figures as well.)

Stage 1 Stage 2 Stage 3 Stage 4

Stage 5 Stage 6 Stage 7 Stage 8

Fig. 5 A sequence of intermediate structures corresponding to the optimized structure in Figure 4 (left).

(c) Compliance: 158.97

Optimized time fields
(e) 500 iterations

Optimized structures
(f) Compliance: 157.82

(b) 800 iterations(a) Uniform

(d) Monotonic
Initial time fields

Fig. 6 Optimization with different initial time fields. The initial time field in (a) is uniform, while the initial time field in (d) is the normalized
distance field corresponding to the correct start (blue quad). The corresponding optimized time fields and structures are shown in the same row.
The optimized time field (b) has several local maxima. In contrast, using a monotonic field as the initial time field, no extra local maxima are found
in (e), even with a smaller number of iterations.
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30 stages10 stage
Compliance: 157.52 Compliance: 158.33

20 stages
Compliance: 158.49

Fig. 7 Optimized time fields and structures with different number of manufacturing stages: 10, 20, and 30 from left to right, respectively. The
startpoint is the left top element and the initial time field is shown in Figure 6(d). The compliances are listed at the bottom.

4 Self-weight of Intermediate Structures

In additive manufacturing, the deformation of intermediate
structures due to gravity may become significant, e.g. fab-
rication using flexible materials such as TPU (thermoplas-
tic polyurethane). To prevent such deformation, self-weight
of intermediate structures has been considered to design
self-supporting structures and supporting scaffolds (Allaire
et al., 2017b; Bruggi et al., 2018; Amir and Mass, 2018; Al-
laire et al., 2017a). In our formulation, we concurrently op-
timize the structural layout and its fabrication sequence to
minimize the compliance due to self-weight of intermediate
structures. The problem is described by

min
φ,τ

c = UTK(ρ)U +

N∑
i=1

αi(U
[Ti])TK(ρ[Ti])U [Ti] (37)

s.t. K(ρ)U = F , (38)

K(ρ[Ti])U [Ti] = G(ρ[Ti]), i = 1, 2, ..., N, (39)

Eqs. 31− 35, (40)

where K(ρ[Ti]), U [Ti], and G(ρ[Ti]) are the stiffness ma-
trix, displacement vector, and gravity load of the intermedi-
ate structure at time Ti. The parameter αi is introduced as
a weighting factor. Finite element analysis is performed for
each intermediate structure and the final structure.

4.1 Sensitivity analysis

The sensitivity of the objective function regarding the den-
sity design variable is given as follows:

∂c

∂φe
=−

∑
j∈Se

UT
j

∂kj(ρ)

∂φe
Uj +

i=N∑
i=1

αi(2
∂GT(ρ[Ti])

∂φe
U [Ti]

−
∑
j∈Se

(U
[Ti]
j )T

∂kj(ρ
[Ti])

∂φe
U

[Ti]
j ),

(41)

where kj(ρ) andUj are the element stiffness matrix and dis-
placement vector of finite element j for the complete struc-
ture, kj(ρ[Ti]) and U [Ti]

j are the element stiffness matrix and
displacement vector of finite element j at the ith manufac-
turing stage, i.e. considering the structure deposited until
time Ti. According to the definition of kj(ρ) in Section 3
and by using the chain law, ∂kj(ρ)

∂φe
is defined as:

∂kj(ρ)

∂φe
=
∂kj(ρ)

∂ρj

∂ρj

∂φ̃j

∂φ̃j
∂φe

=qρq−1
j (E0 − Emin)k0

∂ρj

∂φ̃j

∂φ̃j
∂φe

.

(42)

At time Ti,
∂kj(ρ

[Ti])
∂φe

is given according to the definition of
ρ[Ti] in Eq. 8, thus

∂kj(ρ
[Ti])

∂φe
=
∂kj(ρ

[Ti])

∂ρ
[Ti]
j

∂ρ
[Ti]
j

∂ρj

∂ρj

∂φ̃j

∂φ̃j
∂φe

=q(ρ
[Ti]
j )q−1(E0 − Emin)k0t̄

[Ti]
j

∂ρj

∂φ̃j

∂φ̃j
∂φe

,

(43)

where the calculation of ∂ρe
∂φ̃e

and ∂φ̃e
∂φe

are described in Sec-
tion 2.4, Eq. 22.

For the time field, the sensitivity of the objective func-
tion c with respect to design variable τe is given by:

∂c

∂τe
=

i=N∑
i=1

αi(2
∂GT(ρ[Ti])

∂τe
U [Ti]

−
∑
j∈Se

(U
[Ti]
j )T

∂kj(ρ
[Ti])

∂τe
U

[Ti]
j ).

(44)
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αi = 0.001 αi = 0.1 αi = 0.6αi = 0.4

Gravity

Fig. 8 Time fields (first row) and structures (second row) generated by choosing four different parameter αi: 0.001, 0.1, 0.4, and 0.6. The
startpoints for these results is the left boundary which is marked with blue quads. The last row shows the distribution of the solid finite elements
in each subdomain which is generated by horizontally dividing the original design domain into 12 equal subdomains from left to right. The black
arrow on the left indicates the direction of gravity.

At time Ti,
∂kj(ρ

[Ti])
∂τe

is given by:

∂kj(ρ
[Ti])

∂τe
=
∂kj(ρ

[Ti])

∂ρ
[Ti]
j

∂ρ
[Ti]
j

∂t̄
[Ti]
j

∂t̄
[Ti]
j

∂tj

∂tj
∂τe

=q(ρ
[Ti]
j )q−1(E0 − Emin)k0ρj

∂t̄
[Ti]
j

∂tj

∂tj
∂τe

,

(45)

where the calculation of ∂t̄
[Ti]
e

∂te
and ∂te

∂τe
are described in Sec-

tion 2.4, Eq. 24.

To calculate ∂G(ρ[Ti])
∂φe

and ∂G(ρ[Ti])
∂τe

, we should first de-
fineG(ρ[Ti]) which is directly related to ρ[Ti]. Let L denote
the connectivity matrix between finite elements and their
nodes. L is a sparse matrix with dimension of 2nv × ne,
where nv and ne are the number of nodes and finite ele-
ments, respectively. The non-zero entries of L are

L(2v, e) = −gev, v ∈ Ve, (46)

where v is a node in the finite element grid, Ve is the set of
the (four) nodes of element e, gev is the magnitude of gravity
for node v assigned by element e and it is one quarter of
the gravity of e. The index 2v indicates the y-component of
gravity of node v. Since we assume the direction of gravity is
downwards, the x-component of gravity is zero, i.e. L(2v −
1, e) = 0.

The gravity of the intermediate structure at time Ti is
given by

G(ρ[Ti]) = Lρ[Ti]. (47)

SinceG(ρ[Ti]) is a 2nv×1 matrix, the derivatives of the jth

entry of G(ρ[Ti]), denoted by G(ρ[Ti])j , with respect to φe

and τe are given by

∂G(ρ[Ti])j
∂φe

=
∑
k∈Se

∂G(ρ[Ti])j

∂ρ
[Ti]
k

∂ρ
[Ti]
k

∂ρk

∂ρk

∂φ̃k

∂φ̃k
∂φe

=
∑
k∈Se

L(j, k)t̄
[Ti]
k

∂ρk

∂φ̃k

∂φ̃k
∂φe

,

(48)

and

∂G(ρ[Ti])j
∂τe

=
∑
k∈Se

∂G(ρ[Ti])j

∂ρ
[Ti]
k

∂ρ
[Ti]
k

∂t̄
[Ti]
k

∂t̄
[Ti]
k

∂tk

∂tk
∂τe

=
∑
k∈Se

L(j, k)ρk
∂t̄

[Ti]
k

∂tk

∂tk
∂τe

,

(49)

where L(j, k) is the entry of L in the kth column and jth

row.

4.2 Numerical results

To demonstrate the space-time optimization considering
self-weight of intermediate structures, we setup an experi-
ment with the same design domain and boundary conditions
as shown in Figure 3. The gravity of intermediate structures
is included. The gravity of a solid element is assigned a
value such that the gravity of the final structure is 1. Note
that the magnitude of the external force load (F ) is also 1.
Fabrication starts from the left boundary of the design do-
main. The number of manufacturing stages is N = 8.

In Figure 8, we present the structures and time fields
optimized with four different weighting factors, i.e. αi =

0.001, 0.1, 0.4, and 0.6. From the optimized structures (sec-
ond row) it can be observed that as the influence of self-
weight increases, the solutions are characterizes by an in-
creased number of solid elements in the vicinity of the fix-
ing location (left edge). To better visualize the distribution of
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Table 1 Compliances of intermediate and final structures for different weighting factors αi. The last column (diff.) indicates the difference in
compliance of the final structure, compared to αi = 0.

αi 1 2 3 4 5 6 7 8 final diff. (%)

0 0.23 1.71 1.65 3.17 5.70 9.85 18.48 28.39 157.17 0

0.001 0.07 0.44 1.07 2.28 4.31 7.70 13.77 23.99 157.30 0.08

0.1 0.07 0.40 1.04 2.26 4.30 7.64 13.60 23.76 157.84 0.43

0.2 0.05 0.26 0.72 1.59 3.15 5.92 11.06 20.56 159.13 1.25

0.4 0.03 0.19 0.54 1.21 2.42 4.64 9.19 17.61 161.45 2.72

0.6 0.02 0.16 0.48 1.09 2.20 4.26 8.52 16.75 163.62 4.10

solid elements, we vertically divide the design domain into
12 equal subdomains, and calculate the number of the solid
elements within each subdomain. The histogram shown in
the last row clearly confirms that more solid elements accu-
mulate to the left.

The compliance values from these tests are summarized
in Table 1. The second row corresponds to αi = 0, i.e. the
objective is independent of the gravity load. The compli-
ance of intermediate structures due to gravity is reported for
each stage. As the weighting factor αi increases, take stage 4
for example, the compliance due to gravity decreases from
3.17 to 1.09. The compliance of the final structure due to
the external load is reported in the second last column. As
αi increases, this compliance value also increases. This in-
crease is mild; with αi = 0.6, the compliance is increased
by 4.10% (last column), from 157.17 to 163.62. This is ac-
companied by a significant drop in compliance due to grav-
ity, e.g. the compliance of stage 8 decreases from 28.39 to
16.75.

Further increasing the relative weighting factor leads to
convergence issues which are typical for design-dependent
loads (Bruyneel and Duysinx, 2005). In the limit of an in-
finite weighting factor, the objective is only measured for
compliance due to gravity. In this case, the least compliance
is obtained by not depositing any material. We observed that
in a related article (Amir and Mass, 2018) small weight-
ing factors are used. In our tests the same weighting factor
applies to all intermediate stages. To design self-supporting
structures, Allaire et al. (2017a) proposed the use of differ-
ent weights to different intermediate structures to avoid the
accumulation of material in the first (planar) layers.

5 Process-Dependent Critical Loads

When manufacturing a structure with a robot platform mov-
ing along the structure (see Figure 9), the weight of the robot
platform can be substantial. The location of the robot plat-
form, and thus the load, is coupled with the construction pro-
cess. This is sketched in Figure 10 (left). The robot starts
from the top left corner (p0), and consecutively moves a

Fig. 9 A bridge to be fabricated by a robotic platform. The bridge un-
der construction shall support the movable robotic platform at all inter-
mediate stages. Image courtesy of MX3D (www.mx3d.com).

fixed step rightwards. At each location, it can put material
within the range it can reach, depicted by a circular sector
for the initial location. It is assumed that the amount of ma-
terial deposited by the robot from each location is the same,
i.e. the fabrication speed is constant. Since each point in the
design space can be reached by the robot from a few loca-
tions, its fabrication time is bounded by a lower and upper
bound.

The bounds, visualized in Figure 10 (middle), are com-
puted based on the operation radius of the robotic arm (r).
The time interval assigned to pi is [Ti, Ti+1], 0 ≤ i ≤ N−1.
Let Se = {Ti, Ti+1| ||xe − pi|| ≤ r, i = 0, 1, ..., N − 1},
where xe is the centroid of a finite element. The lower
and upper bound are defined by le = min(Se) and ue =

max(Se), respectively. An example is illustrated with a
green quad in Figure 10 (left). The element xe is reachable
by the robot arm from p5 to p7. Therefore the lower bound
is the starting time at manufacturing location p5 which is
T5, and its upper bound is the ending time at manufacturing
location p7 which is T8.

When the robot is located at pi, the intermediate struc-
ture it fabricates shall be able to support the robot at its next
location, pi+1. Thus the compliance due to the weight of the
robot at pi+1 is included in the objective function. Located
at the last fabrication location p7, the robot will finish the
complete structure. For the complete structure, the compli-
ance is measured for an external force (F ) applied at the
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Lower bounds

Upper bounds Compliance: 161.682

p0 p1 p2 p3 p4 p5 p6 p7

F

r

xe

xe

xe

Fig. 10 Left: A robot printer platform moves along the structure from left to right on the top (left). Middle: The lower and upper bounds of the
manufacturing time. Right: The optimized time field, and the optimized density field colored with the time field. The number of manufacturing
stages is 8 and αi = 0.5. The compliance of the final structure is listed at the bottom.

Lower bounds

Upper bounds

p0 p2

p1 p3

p4

p5

p6

p7 F

Compliance: 160.80

Lower bounds

Upper bounds Compliance: 163.92

p0 p1 p2 p3 p4 p5 p7p6

q0 q1 q2 q3 q4 q5 q7q6 F

Fig. 11 Optimization with different robot movement patterns. Top: A robot alternatively moves up and down. Bottom: Two robots, on top and
bottom, move rightwards at the same pace.

bottom right. This is formulated as

min
φ,τ

c = UTK(ρ)U +

N∑
i=1

αi(U
[Ti])TK(ρ[Ti])U [Ti] (50)

s.t. K(ρ)U = F , (51)

K(ρ[Ti])U [Ti] = W pi+1
r , i = 0, ..., N − 1, (52)

le ≤ τe ≤ ue, (53)

Eq. 31, Eq. 32, Eq. 34, Eq. 35. (54)

This formulation is largely similar to the formulation
considering the self-weight presented in the previous sec-
tion. The first difference lies in Eq. 52, as the robotic weight
W

pi+1
r is independent of the design variables. The super-

script pi+1 indicates the location of the weight. The second
difference is the lower and upper bounds (Eq. 53). Since the
load does not depend on the density, the sensitivity analy-

sis is a simplified version from the previous section, and is
omitted here.

The optimized time field and structure are shown in Fig-
ure 10 (right) where the compliance of the final structure
due to the external load is also reported. Figure 11 shows
optimized results for two different robotic motions, i.e. the
robot moves up and down, and two robots located at top and
bottom move rightwards at the same pace. The intermedi-
ate manufacturing stages for the manufacturing situation at
the top and bottom of Figure 11 are shown in Figure 12 and
Figure 13, respectively.

In the objective function, αi is used to balance between
the compliance of the entire structure due to the external
load (F = 1) and the compliances of the intermediate struc-
tures due to the robotic weight Wr = 0.5. In the above ex-
amples, αi is 0.5. A set of 8 different αi values is used to
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Stage 1 Stage 2 Stage 3 Stage 4

Stage 5 Stage 6 Stage 7 Stage 8

Fig. 12 The intermediate stages for the manufacturing with an alternating (top/bottom) robot location, see Figure 11 (top).

Stage 1 Stage 2 Stage 3 Stage 4

Stage 5 Stage 6 Stage 7 Stage 8

Fig. 13 The intermediate stages for the manufacturing with two robots simultaneously, see Figure 11 (bottom).

Compliance: 162.64 Compliance: 164.79Compliance: 163.80

10 stages12 stages 16 stages10 stages

Fig. 14 Time fields and structures generated with different number of manufacturing stages: 10 (left), 12 (middle), and 16 (right) respectively. The
robot locations are indicated in the figure on the top edge and αi = 0.5. The compliances of the final structures are shown at the bottom.

demonstrate its influence on the optimization results. The
compliances are summarized in Table 2. As αi increases,
i.e. the weight of the robot plays a more significant role in
the objective function, the compliance values of intermedi-
ate structures associated with the robot weight naturally de-
crease. For instance, at Stage 7, the compliance drops from
109.00 (αi = 0.001) to 41.59 (αi = 0.01), and 28.85

(αi = 0.5). It is observed that beyond αi = 0.5 the change
in compliance is relatively small. When αi increases from
0.001 to 0.5, in contrast to the rapid change in the compli-
ance of intermediate structures due to the robot, the compli-
ance of the entire structures due to the external load changes
mildly, as can be seen from the compliance listed in the sec-
ond last column, and the relative change in the last column.

The above examples are generated with 8 manufacturing
stages. To demonstrate the scalability of our framework for

a larger number of manufacturing stages, it is tested with 10,
12, and 16 manufacturing stages, as shown in Figure 14. The
robot motion is depicted in Figure 10 (left) and αi = 0.5.
The compliances of the final structures are listed at the bot-
tom. It is observed that the compliance of the final structure
increases along with an increasing in the number of manu-
facturing stages. This is due to the fact that an increasingly
larger number of process-dependent loads are included in
the objective, and thus effectively reduce the significance of
the external load.

In Figure 15, we show convergence plots of the com-
pliances for the entire structure and intermediate structures.
This plot corresponds to the optimization with two simuta-
neous robots as shown at the bottom of Figure 11. All the
compliance values reduce rapidly in the first 100 iterations.
The changes in the compliances become small after about
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Table 2 Compliances of structures optimized with different αi values, corresponding to the test with robot locations on the top, see Figure 10.
The last column (diff.) indicates the difference in compliance of the final structure, compared to αi = 0.001.

αi 1 2 3 4 5 6 7 final diff. (%)

0.001 6.53 6.36 6.20 14.45 35.12 40.66 109.00 158.13 0.0

0.01 6.52 4.60 5.93 9.71 35.84 25.16 41.59 158.77 0.41

0.1 3.96 4.06 5.56 10.07 15.77 20.79 30.27 159.94 1.14

0.3 3.20 3.31 5.60 8.68 14.28 22.18 28.69 161.61 2.20

0.5 2.95 3.40 5.16 9.07 14.19 23.43 28.85 161.68 2.24

1.0 2.89 3.46 5.79 8.48 13.20 22.02 28.81 163.95 3.68

200 iterations. The bumps in these curves are caused by the
increasing of the projection parameter βd in Eq. 6 for the
density field. This figure demonstrates that the optimization
process converges well.

Iterations

Convergence curve

C
om

pl
ia

nc
e

Fig. 15 The convergence plots of compliances of the entire structure
and all intermediate structures. In the legend, ’FinalStr’ refers to the
final structure while ’InterStr’ refers to an intermediate structure.

6 Time-Dependent Material Properties

Until this section we have assumed that the Young’s modu-
lus of a finite element depends solely on the density (Eq. 36).
If the fabrication process is taken into account, the material
properties may also be influenced by the time at which the
material is deposited. For instance, material curing or solidi-
fication (and thus the stiffness) may be time-dependent. Fig-
ure 16 illustrates a monotonic function of Young’s modulus
regarding time. Assume the fabrication of the entire struc-
ture is finished at timepoint T = 1. At this timepoint, the
Young’s modulus of an element that has been filled with ma-
terial at te ∈ [0, 1] is calculated by

E(ρe, te) = Emin + f(1− te)ρeq(E0 − Emin). (55)

E
(t

)

t

Fig. 16 Schematic of Young’s modulus over time during material cur-
ing or solidification.

With the time-dependent material properties, the com-
pliance minimization problem is updated,

min
φ,τ

c = UTK(ρ, t)U (56)

s.t. K(ρ, t)U = F , (57)

Eqs. 31− 35, (58)

where the stiffness matrix K(ρ, t) is constructed with the
Young’s modulus interpolated using both the density and the
time field (see Eq. 55).

We test this formulation on four scenarios, including two
monotonically increasing functions, and two quadratic func-
tions which open downwards. These functions serve the pur-
pose of demonstrating the influence of time-dependent ma-
terial properties on structural design and performance. In
Figure 17 each row shows optimized results corresponding
to a different time interpolation function (left). Next to the
function, from left to right, the optimized time fields, op-
timized structures colored by the time field, and optimized
structures colored by the time-dependent Young’s modulus.
In these examples, the time range [0, 1] is divided into five
equal intervals. In each interval the same amount of material
volume is allowed.

The optimization with time-dependent material proper-
ties is to some extent similar to the optimization of multiple
materials (e.g. (Hvejsel and Lund, 2011; Zuo and Saitou,
2017)). The difference is that here the different materials are
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Fig. 17 Space-time topology optimization with four different time-dependent material properties. From left to right: The assumed function of
Young’s modulus regarding time, the optimized time field, the optimized structure colored by the time field, and the optimized structure colored
by Young’s modulus.

ordered by a time variable, i.e. the moment they are pro-
duced during the manufacturing.

7 Discussion

7.1 Parameters

The numerical optimization process involves some parame-
ters. Table 3 summarizes the parameters which take constant
values. A continuation approach is applied to projection pa-
rameters. The density projection parameter, βd, starts from
1 and is increased every 20 iterations, by an increment of
2 for the first 200 iterations, and after that by an increment
of 4, until it reaches 50. The time projection parameter, βt,
starts from 10 and is increased by 5 every 30 iterations, until
it reaches 50.

7.2 Continuity constraints

Compliance: 171.10Compliance: 163.92
Fig. 18 Results generated with two different continuity constraints, i.e.
using Eq. 18 (left) and Eq. 59 (right).

Table 3 Fixed parameters in our numerical tests.

E0 1 Young’s modulus for a solid element

Emin 10−9 Young’s modulus for an empty element

ν 0.3 Poissons ratio

q 3 Penalization factor

V0 0.6 Volume fraction of the complete structure

rd 2.0 Filter radius for the density field

rt 2.0 Filter radius for the time field

η 0.5 Density threshold

p 50 in p-norm, Eq. 16

ε 10−9 in Eq. 18

βm 5000 in Eq. 20

In Section 2.3.1, the continuity constraint is relaxed by
approximating the maximum function using a p-norm, fol-
lowed by a smoothed Heaviside projection. Due to the ap-
proximation error, while this constraint is numerically satis-
fied, it may still lead to local minima in the resultant time
field. We note that these local minima are not visible from
the visualization, since the minimum value is very close to
its neighbors, with a difference of 10−3.

To completely eliminate local minima, we introduce an
alternative formulation for the continuity constraint,

1

#(M)

∑
e∈M

||te −meani∈Ne(ti)||2 ≤ γ, (59)
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with

meani∈Ne(ti) =

∑
i∈Ne ti

#(Ne)
. (60)

Here # denotes the number of elements in a set.M is the
set of active elements, i.e. all elements except those which
are prescribed as the starting point/region for the fabrication
process. Ne is the set of neighboring elements. γ is a small
constant which is set to 10−9. As γ approaches 0, this con-
straint effectively restricts te towards the mean value of its
neighbors (

∑
i∈Ne ti

#(Ne) ). This alternative constraint is sufficient
but not necessary, while the constraint Eq. 18 is sufficient
and necessary. Figure 18 compares the optimization results
using Eq. 18 on the left and Eq. 59 on the right. The time
field on the right is smoother. This difference is attributed to
the fact that the alternative formulation is more restrictive.
This new formulation involves a quadratic term, as opposed
to highly nonlinear p-norm and Heaviside projection as in
Eq. 18. This is a useful alternative if smoothness is desired.

In Figure 18 (left) we observe local maxima in the opti-
mized time field. While these features comply with the con-
tinuity constraint, they pose some challenges for manufac-
turing, since it essentially requires later stages to fill some
enclosed voids that have been created from previous stages.
In 3D such enclosed voids are not accessible. The enclosed
voids can be better detected in Figures 12 and 13 where
the full sequence is shown. As can be seen from Figure 18
(right), the new continuity constraint effectively avoids both
local minima and local maxima (i.e. enclosed voids) in op-
timized time fields, and thus improves manufacturability in
this regard.

Both continuity constraints are defined exclusively on
the time field, i.e. without considering the density field
which defines the structural layout. A further investigation
of Fig. 4 (left and right) reveals a potential manufacturing
problem resulting from this. In Fig. 4 (second row, left), the
optimized time field is monotonic, with its global minimum
being located at the bottom left corner (indicated by a small
blue quad) which is prescribed as the starting point of fabri-
cation. Mapping this time field to the optimized structure, vi-
sualized in the bottom row, left, shows that the top left patch
(dark red, fabricated in the first stage) is not connected to
the starting point (the small blue quad) in the first construc-
tion stage. We envision a solution to this problem can be
devised by defining the continuity constraint on a modified
time field. Specifically, for elements which have a density
value of (close to) zero, modifying their time value to 1. This
modification could be realized by a (series of) differentiable
projection.

Figure 19 shows the convergence plot of the continuity
constraint (Eq. 18) for the test in Figure 4 (right). The red
curve corresponds to the aggregated value, H(t) in Eq. 18,
while the blue dash line indicates the threshold ε, which is

10−9 in this test. After a few oscillations at the beginning
of the optimization process, the constraint is satisfied, i.e.
H(t) < ε.

ε = 10−9

H
(t

)

Iterations

Fig. 19 A convergence plot of the continuity constraint (Eq. 18).

7.3 Volume fraction and design domain

We have performed tests to demonstrate that the proposed
method works well with different problem settings. These
tests considered self-weight and external loads (see Sec-
tion 4). A weighting factor αi = 0.5 has been used to bal-
ance the compliance due to the external load and due to grav-
ity. The continuity constraint, Eq. 59, is used.

Figure 20 shows optimized designs with three different
volume fractions: from left to right, V0 = 0.3, 0.4, and 0.5.
The top row shows the optimized time fields, while the bot-
tom row shows the optimized structural layouts, colored by
the corresponding time fields.

A staircase-shaped design domain is shown in Figure 21.
The design domain and boundary conditions are illustrated
in Figure 21 (left). The volume fraction is 0.6. The dimen-
sion of the design domain is 90 × 50. An external force F
is applied at the top-right corner, and the gravity of interme-
diate structure is considered. The optimized time field and
the structural layout colored by the time field are shown in
the middle and right, respectively. The black polygon in the
middle and right indicates the boundary of the design do-
main.

7.4 Extension to 3D

The proposed formulation is directly applicable to 3D. Fig-
ure 22 shows a 3D test domain, and the resulting sequence
of intermediate structures. The problem formulation follows
Eq. 29 – 35 in Section 3. The left face of the design domain
is fixed, and fabrication is supposed to start from there. A
distributed load is applied to the bottom on the right face.



16 Weiming Wang1,3 et al.

Volfrac: 0.3, compliance: 287.82 Volfrac: 0.4, compliance: 221.12 Volfrac: 0.5, compliance: 183.42

Fig. 20 Space-time topology optimization with different volume fractions.

Fig. 21 Space-time topology optimization on a staircase-shaped design domain.

The domain is discretized into 96 × 48 × 48 cubic trilin-
ear finite elements. The finite element analysis is performed
using a geometric multigrid solver (Amir et al., 2014; Wu
et al., 2016a). The time field is initialized by a distance field
corresponding to the starting face. The new continuity con-
straint (Eq. 59) is applied. βt starts from 10 and is increased
by 10 every 10 iterations until it reaches 80. The volume
fraction is 0.12. The filter radius, for both the time and den-
sity field, is

√
3. The other parameters take the same value

as listed in Table 3.

8 Conclusions

In this paper we have presented a general formulation for
simultaneous design of the structural layout and the manu-
facturing sequence, referred to as space-time topology op-
timization. In addition to a density field for capturing the
structural layout, a time field is introduced to encode the
manufacturing process. The intermediate structures which
correspond to stages of the manufacturing, are generated
from these two fields. Constraints for fabrication continu-
ity and process speed are imposed. The potential of the pro-
posed space-time optimization is demonstrated with three
fabrication considerations – self-weight of the intermediate
structure, process-dependent loads due to a moving man-
ufacturing platform, and process time dependent material
properties. Clearly, these examples are by no means exhaus-
tive with respect to the potential of the formulation. The con-
vergence and influence of some key parameters are evalu-
ated by an extensive parameter study.

The proposed formulation opens up a new direction in
the integration of topology optimization and advanced man-
ufacturing techniques. Extending this formulation from 2D
to 3D is straightforward. As future work, we are particularly
interested in considering manufacturing introduced distor-
tion which highly depends on the manufacturing sequence.
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